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1. Compute the Gaussian curvature and mean curvature of the surface z = axy where

a →= 0.

2. Let S be a surface with isothermal parameterization

g =

(
exp(2f) 0

0 exp(2f)

)

where f is a given smooth function. Using the fact that in this parameterization

!
k
ij = ωkifj + ωkjfi ↑ ωijfk,

compute the Gaussian curvature K. Here, ωij is the Kronecker delta.

3. In the case of a surface of revolution

X(u, v) = (f(v) cosu, f(v) sin u, g(v)), f(v) > 0

the geodesic equations are

u→→
+

2ffv
f 2

u→v→ = 0

v→→ ↑ ffv
f 2
v + g2v

(u→
)
2
+

fvfvv + gvgvv
f 2
v + g2v

(v→)2 = 0.

(a) For a surface of revolution, let ε be a geodesic intersecting a parallel ϑ(t) =
X(t, c) (where c is a constant) at an angle ϖ. Let r be the distance to the axis

of revolution. Prove Clairaut’s relation:

r cos ϖ = f(v(t)) cos ϖ = const.

(b) Using Clairaut’s relation, show that on a torus T parameterized by

X(u, v) = ((r cos v + a) cosu, (r cos v + a) sin u, r sin v), 0 < r < a

if a geodesic ε is tangent to the parallel ϑ(t) = X(t, ω2 ) at some point t0, then

ε is entirely contained in the region of T given by ↑ϱ

2
↓ v ↓ ϱ

2
.
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1. Compute the Gaussian curvature and mean curvature of the surface z = axy where

a →= 0.
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2. Let S be a surface with isothermal parameterization

g =

(
exp(2f) 0

0 exp(2f)

)

where f is a given smooth function. Using the fact that in this parameterization

!
k
ij = ωkifj + ωkjfi ↑ ωijfk,

compute the Gaussian curvature K. Here, ωij is the Kronecker delta.
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Desire this ->
from formula fori

[00]= dij = S
en : K = Egi (nN-GRANNg)
Note that g z [expEufexpnf)].
So gij to only when ij
K = Eg" (ErNY-G ,REMANG)
Eg(p-GN-
↑ = Sif

,
+ difi-Gifi = fi

Viz =Sifzf-f = E2.
↑ 2 = fz.

N2z=2fz +Airfz-S2f = -fi

= Szifi-Saf-bfz = -82
Mi = f

,
N = f

, r =Ez



= Pi+= fi-faz
G
, min = G ,4 + 2,2

= 2 fu

↑R =N

=in t
= 2f? -28

= rienn
=Mitrimtrt
-fi + futfz) - fifz +f
=28 -2f2 :



So Eg" (ArNY-G , REMAN g)
= [exp(28) (fu-f2z-2fin +2-2/-(82+/82)
=-exp (28) (fu+f22)·

Similarly , Eg2z(Ap-G2NN-
=
- [exp72f) (fi +f2z) . Check this !

k = exp(-2f)Of
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3. In the case of a surface of revolution

X(u, v) = (f(v) cosu, f(v) sin u, g(v)), f(v) > 0

the geodesic equations are

u→→
+

2ffv
f 2

u→v→ = 0

v→→ → ffv
f 2
v + g2v

(u→
)
2
+

fvfvv + gvgvv
f 2
v + g2v

(v→)2 = 0.

(a) For a surface of revolution, let ω be a geodesic intersecting a parallel ε(t) =
X(t, c) (where c is a constant) at an angle ϑ. Let r be the distance to the axis

of revolution. Prove Clairaut’s relation:

r cos ϑ = f(v(t)) cos ϑ = const.

(b) Using Clairaut’s relation, show that on a torus T parameterized by

X(u, v) = ((r cos v + a) cosu, (r cos v + a) sin u, r sin v), 0 < r < a

if a geodesic ω is tangent to the parallel ε(t) = X(t, ω2 ) at some point t0, then

ω is entirely contained in the region of T given by →ϖ

2
↑ v ↑ ϖ

2
.
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