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1. Compute the Gaussian curvature and mean curvature of the surface z = axy where

a # 0.

2. Let S be a surface with isothermal parameterization

9= (eXp(g2f) exp(()2f))

where f is a given smooth function. Using the fact that in this parameterization
IY = 0kifj + Ouifi — 0ij fr,
compute the Gaussian curvature K. Here, ¢;; is the Kronecker delta.

3. In the case of a surface of revolution

X(u,v) = (f(v)cosu, f(v)sinu, g(v)), f(v)>0

the geodesic equations are
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(a) For a surface of revolution, let @ be a geodesic intersecting a parallel 5(t) =
X(t,c) (where ¢ is a constant) at an angle . Let r be the distance to the axis
of revolution. Prove Clairaut’s relation:

rcosf = f(v(t)) cos = const.

(b) Using Clairaut’s relation, show that on a torus 7" parameterized by
X (u,v) = ((rcosv+a)cosu, (rcosv+a)sinu, rsinv), 0<r<a
if a geodesic a is tangent to the parallel 3(t) = X (¢, 7) at some point t,, then

T ™
« is entirely contained in the region of 1" given by —5 <v< 5
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where f is a given smooth function. Using the fact that in this parameterization
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compute the Gaussian cur \%tu re K. Here, 0;; is the Kronecker delta.
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3. In the case of a surface of revolution

X(u,v) = (f(v)cosu, f(v)sinu, g(v)), f(v)>0

the geodesic equations are

fofoo + GoGuw
(u')2 —f2 e (U/)2 =0.

(a) For a surface of revolution, let @ be a geodesic intersecting a parallel 5(t) =
\ B T\L\L’ u’ 20 X(t,¢) (where c is a constant) at an angle 6. Let r be the distance to the axis

\'(,V(/ ﬁﬂ\of revolution. Prove Clairaut’s relation:

rcost = f(v(t)) cos = const.

sing Clairaut’s relation, show that on a torus 1™ parameterized by

X (u,v)=((rcosv+a)cosu, (rcosv+a)sinu,rsinv), 0<r<a

if a geodesic « is tangent to the parallel 3(t) = X (¢, 7) at some point t,, then

T ™
« is entirely contained in the region of T given by —5 <v< 5



